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We study Heisenberg antiferromagnets on a diamond-like decorated square lattice per-
turbed by further neighbor couplings. The second-order effective Hamiltonian is cal-
culated and the resultant Hamiltonian is found to be a square-lattice quantum-dimer
model with a finite hopping amplitude and no repulsion, which suggests the stabiliza-
tion of the plaquette phase. Our recipe for constructing quantum-dimer models can
be adopted for other lattices and provides a route for the experimental realization of
quantum-dimer models.
1. Introduction
The exploration of resonating valence bond (RVB) states is one of the central issues
in condensed matter physics.1 The simplest effective model is the Rokhsar−Kivelson
quantum-dimer model (QDM),2
.
(1)
It is naively expected that the pair hopping leads to phenomena stemming from the
resonance of various dimer-covering states, and the interaction tends to stabilize the
crystallization of dimers.
Much theoretical effort has been devoted to clarifying ground-state phase diagrams
as a function of v/t for QDMs on various lattices. When pair hopping is dominant,
i.e., when |v/t| ≪ 1, fascinating phases have been found: the plaquette phase for a
square lattice, the Z2 RVB liquid for nonbipartite lattices, the U(1) RVB liquid for a
simple cubic lattice, and so forth.3, 4 However, the issue of the experimental realization of
QDMs is unclear. The QDM may be an effective theory for the S = 1/2 kagome-lattice
Heisenberg antiferromagnet5, 6 but its mathematical interpretation is intractable.
Actually, a great deal of effort has been devoted to constructing QDMs from the
original quantum spin Hamiltonian. However, existing construction methods for QDMs
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are extremely complicated because these methods invoke multiple spin interactions.7 It
is not yet clear how to derive QDMs from the simple Heisenberg model.
Very recently, Morita and Shibata have proposed a method for constructing the
QDM Hilbert space.8 In their method, a lattice is considered, and all the edges of
the lattice are replaced with a diamond unit. The model Hamiltonian contains only
Heisenberg-type exchange terms, which is very important for experimental realizations,
as an example of a quantum simulator using optical lattices,9 and the ground-state
manifold is equivalent to the dimer covering of the original lattice. For example, the
above-mentioned replacement gives a diamond chain when we start with a linear chain.10
For a range of coupling parameters, the ground states are known to be twofold degen-
erate tetramer-dimer states.10 When we regard a tetramer as a “dimer” in a QDM, the
tetramer-dimer states are identical to the dimer-covering states of the linear chain. In
a similar way, the replacement gives a diamond-like decorated square lattice11 when
starting with a square lattice. For a suitable range of coupling parameters, we have
square-lattice dimer-covering states as the ground-state manifold.
In this paper, we consider Heisenberg antiferromagnets on a diamond-like decorated
square lattice, which is somewhat different from the situation in Ref. 11, and introduce a
perturbation that breaks the degeneracy of the ground-state manifold. We calculate the
second-order effective Hamiltonian and show that it is exactly the same as the square-
lattice QDM. Therefore, we present a construction method for a QDM by simply using
the simple Heisenberg coupling. It will be shown that the QDM has v = 0; thus, the
resonance effect determines a unique ground state.
This paper is organized as follows. The Heisenberg model on a diamond-like deco-
rated square lattice and the perturbation Hamiltonian are defined in sect. 2. In sect. 3,
we derive a square-lattice QDM as a second-order effective Hamiltonian. In sect. 4, we
summarize the results obtained in this study.
2. Model
2.1 Diamond unit and tetramer ground state
For the diamond unit in Fig. 1, we introduce the site indices shown in this figure
and define
hi,j = (si + sj) · (sk,a + sk,b) + λ
(
sk,a · sk,b + 3
4
)
, (2)
where the magnitude of the spin operators is 1/2. We call si and sj the edge spins and
the pair (sk,a, sk,b) a bond spin-pair. The most important property of hi,j is that the
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Fig. 1. (a) Top and (b) side views of the diamond unit. The position of the site k is given by
rk =
1
2
(ri + rj).
total spin of the bond spin-pair is a good quantum number.10
When the coupling constant for a bond spin-pair is less than 2, λ < 2, the lowest
eigenvalue of hi,j is −(2 − λ), and the corresponding eigenvector |φg〉i,j,k (tetramer
ground state) is given by
|φg〉i,j,k = 1√
3
(
|↑↑〉i,j|t−〉k + |↓↓〉i,j|t+〉k − |↑↓〉i,j + |↓↑〉i,j√
2
|t0〉k
)
, (3)
where {|t+〉, |t0〉, |t−〉} represents the triplet states of a bond spin-pair. Note that the
bond spin-pair is in triplet states but the magnetism is screened by the edge spins; thus,
φg is nonmagnetic and
(si + sj + sk,a + sk,b)
2|φg〉i,j,k = 0. (4)
On the other hand, the eigenfunctions of hi,j are simple product states when the total
spin of the bond spin-pair is zero:
|σ, σ′〉i,j|s〉k, (5)
where σ, σ′ =↑ or ↓ and |s〉k represent the singlet state of the bond spin-pair. Equation
(5) indicates that bond spin-pairs with Stot = 0 in a connected system of diamond units
segment the system into clusters constructed by the spin-pairs with Stot = 1 and edge
spins. This concept is frequently used in the following study of a diamond-like decorated
square lattice.
2.2 Hamiltonian
We consider a square lattice in the xy-plane and replace all of the edges with the
diamond units, which leads to
H0 =
∑
〈i,j〉
hi,j, (6)
where 〈i, j〉 represents a nearest-neighbor pair of the square lattice. We make the direc-
tion of the bond spin-pairs parallel to the z-axis. A schematic of H0 is given in Fig. 2(a),
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Fig. 2. (a) Structure of the diamond-like decorated square lattice, where the direction of the bond
spin-pairs is along the z-axis. The edge spins are in the plane z = 0. There is a plane composed of
{sk,a} in the region z > 0 and another plane composed of {sk,b} in the region z < 0. (b) Schematic
representation of the perturbation Hamiltonian in the upper plane for {sk,a}. The same perturbation
also appears in the lower plane for {sk,b}.
and this lattice is called a diamond-like decorated square lattice. The ground-state man-
ifold of H0 consists of the dimer covering states of the square lattice, where a dimer
means the tetramer ground state φg. For a square-lattice bond occupied by no dimer,
the bond spin-pair is in the singlet state. In contrary to the singlet dimer, which takes
the central role in the ordinary RVB physics, our “dimer” has no orientation, which is
easily observed from Eq. (3), and our dimer coverings have orthogonality with the aid
of bond spin-pairs. These two properties of our manifold are usually assumed in the
study of QDMs.4
In the geometry of our diamond-like decorated square lattice, we have three layers:
the center layer composed of edge spins at z = 0, the upper layer composed of {sk,a}
at z > 0, and the lower layer composed of {sk,b} at z < 0. In this study, we investigate
the effects of nearest-neighbor couplings within the upper and lower layers. We write
the perturbation Hamiltonian as
H ′ = δ
∑
〈k,k′〉
(sk,a · sk′,a + sk,b · sk′,b), (7)
where 〈k, k′〉 represents a nearest-neighbor pair of the square lattice composed of bond
spin-pairs [see Fig. 2(b)].
2.3 Matrix elements of a perturbation bond
The perturbation operator between bond spin-pairs at sites k and k′ is given by
Vk,k′ = sk,a · sk′,a + sk,b · sk′b. (8)
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When a linear term of spin operators operates on the singlet state |s〉, we obtain triplet
states. When the perturbation bond Vk,k′ operates on the state |s〉k|s〉k′, we have
Vk,k′|s〉k|s〉k′ = 1
2
(|t0〉k|t0〉k′ − |t+〉k|t−〉k′ − |t−〉k|t+〉k′) , (9)
in which we note that both spin-pairs turn into triplet states. For |tα〉k|s〉k′ (α = −, 0,
or +), we have
Vk,k′|tα〉k|s〉k′ = 1
2
|s〉k|tα〉k′, (10)
in which we note that the singlet and triplet sites are replaced by each other. In general,
a linear term of spin operators operating on a triplet state gives a linear combination
of singlet and triplet states. The reason for the lack of terms containing |t〉k|t〉k′ on the
right-hand side of Eq. (10) is that Vk,k′ is symmetric for sk,a ↔ sk,b and sk′,a ↔ sk′,b.
Our lowest-energy manifold consists of all possible dimer coverings, in which a
square-lattice site is prohibited from belonging to two or more dimers. When Vk,k′
operates on a dimer covering, we obtain square-lattice sites belonging to two or more
dimers. Thus, we notice that our effective Hamiltonian has no first-order term and starts
with the second-order term.
3. Second-Order Perturbation
3.1 Effective Hamiltonian
We turn to the second-order effective Hamiltonian. First, it should be noted that
any possible second-order process cannot be created by perturbation bonds belonging
to different plaquettes.12 Because possible second-order processes are created by using
the perturbation bonds on a plaquette twice, the second-order effective Hamiltonian
can be written in the following form:
Heff = −tTˆ + ǫ2Dˆ2 + ǫ1Dˆ1 + ǫ0Dˆ0, (11)
where
,
(12)
,
(13)
,
(14)
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and
(15)
We can use the conditions
Dˆ2 + Dˆ1 + Dˆ0 =
∑
1 = [total number of plaquettes] (16)
and
Dˆ2 +
1
2
Dˆ1 = [total number of dimers] (17)
to eliminate Dˆ1 and Dˆ0 from Heff . Omitting the constant terms, we have
Heff = −tTˆ + (ǫ2 − 2ǫ1 + ǫ0)Dˆ2. (18)
Thus, we obtain an expression for the repulsion parameter v as follows:
v = ǫ2 − 2ǫ1 + ǫ0. (19)
In the following, we perform explicit perturbation calculations for t, ǫ2, ǫ1, and ǫ0 and
show that
t = 1.060 δ2, v = 0. (20)
Equation (20) indicates that the present perturbation leads to the stabilization of a
plaquette phase.3
3.2 Proof of v = 0
Here, we consider the diagonal terms in the effective Hamiltonian. Concentrating
on the plaquette to which the perturbation bonds producing a process belong, we show
the possible second-order processes in Fig. 3. In Fig. 3(a), the initial state has two
dimers on the plaquette. The process shown in this figure is that produced by V1,2. In
addition, V2,3, V3,4, and V4,1 also essentially result in the same process, and the sum of
these four yields ǫ2 is defined in Eq. (11). The initial state in Fig. 3(c) has no dimer
on the plaquette. In addition to the process produced by V1,2, we also have the same
contributions from those produced by V2,3, V3,4, and V4,1. The parameter ǫ0, which is
defined in Eq. (11), is determined by the sum of these four process. The initial state in
Fig. 3(b) has one dimer on the plaquette. In this case, we have two types of process:
the first one is produced by V1,2 and V1,4, and the second one is produced by V2,3 and
V3,4. Noting that practical calculations can be carried out in the gray-colored clusters
in Fig. 3, we find that the first (second) process in Fig. 3(b) gives the same result as
the process in Fig. 3(a) [Fig. 3(c)]. Taking the total number of equivalent processes into
6/10
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Fig. 3. (Color online) Perturbation processes for the diagonal terms for (a) ǫ2, (b) ǫ1, and (c) ǫ0.
The red bonds indicate that the bond spin-pair is in triplet states. A red bond with an oval represents
the tetramer ground state φg. A black bond with an oval represents the state that is obtained by
replacing |t〉 in φg with |s〉.
consideration, we obtain
ǫ1 =
1
2
(ǫ0 + ǫ2). (21)
Substituting this relation into Eq. (19), we conclude that
v = 0. (22)
3.3 Calculation process for the hopping parameter t
We turn to the calculation of the off-diagonal terms. A possible process is shown in
Fig. 4. Defining the site indices as shown in this figure with V1,3 operating on the initial
state |s3;φg0,2,1;φg4,6,5〉, we have
V1,3|φg0,2,1; s3〉
=
1
2
√
3
|s〉1
[
|↓↓〉0,2|t+〉3 − |↑↓〉0,2 + | ↓↑〉0,2√
2
|t0〉3 + |↑↑〉0,2|t−〉3
]
. (23)
If the bond spin-pairs at sites 3 and 5 are in triplet states, then a connected cluster
(2, 3, 4, 5, 6) appears in the unperturbed system. For the unperturbed Hamiltonian h2,4+
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Fig. 4. (Color online) Second-order perturbation process for dimer pair hopping. Two intermediate
states, V1,3|initial state〉 and V5,7|final state〉, are shown. Note that these two states are not linearly
independent. Moreover, these two states are not the eigenstates of H0; therefore, we have to expand
them by using the eigenstates of H0, which is carried out numerically.
h4,6 for this cluster, we write the eigenvalues and eigenstates as En+2λ and |Ψn〉2,3,4,5,6,
respectively. Denoting the intermediate states as |σ0; s1; Ψn2,3,4,5,6〉 with σ =↑, ↓, we have
〈σ0; s1; Ψn2,3,4,5,6|V1,3|s3;φg0,2,1;φg4,6,5〉
= δσ,↓〈Ψn2,3,4,5,6|ϕ2,3;φg4,6,5〉+ δσ,↑〈Ψn2,3,4,5,6|ϕ¯2,3;φg4,6,5〉, (24)
where
|ϕ2,3〉 = 1
2
√
3
(
|↓2; t+3 〉 −
|↑2; t03〉√
2
)
, |ϕ¯2,3〉 = 1
2
√
3
(
|↑2; t−3 〉 −
|↓2; t03〉√
2
)
. (25)
The energy denominator of the intermediate states is given by
En + 2λ− 2(λ− 2) = En + 4. (26)
Next, when V5,7 operates on the final state |s5;φg0,6,7;φg2,4,3〉, we have
V5,7|φg0,6,7; s5〉
=
1
2
√
3
|s〉7
[
|↓↓〉0,6|t+〉5 − |↑↓〉0,6 + | ↓↑〉0,6√
2
|t0〉5 + |↑↑〉0,6|t−〉5
]
. (27)
Thus, the matrix element between the final state and an intermediate state
|σ0; s7; Ψn2,3,4,5,6〉 (σ =↑ or ↓) is given by
〈σ0; s7; Ψn2,3,4,5,6|V5,7|s5;φg0,6,7;φg2,4,3〉
= δσ,↓〈Ψn2,3,4,5,6|ϕ6,5;φg2,4,3〉+ δσ,↑〈Ψn2,3,4,5,6|ϕ¯6,5;φg2,4,3〉. (28)
Using Eqs. (24) and (28), we obtain
t = 4δ2
∑
σ=↑,↓
∑
n
〈s5;φg0,6,7;φg2,4,3; s1|V5,7|σ0; s1; s7; Ψn2,3,4,5,6〉
1
En + 4
×〈σ0; s1; s7; Ψn2,3,4,5,6|V1,3|s3;φg0,2,1;φg4,6,5; s7〉
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= 8δ2
∑
n
〈ϕ6,5;φg2,4,3|Ψn2,3,4,5,6〉〈Ψn2,3,4,5,6|ϕ2,3;φg4,6,5〉
En + 4
. (29)
We numerically calculate {En,Ψn} for the subspace with a total Sz of 1/2, whose total
number is 18, and obtain
t/δ2 = 1.06026786. (30)
4. Summary
We have derived a QDM as the low-energy effective Hamiltonian of a diamond-like
decorated square-lattice Heisenberg antiferromagnet. The QDM has a finite hopping
parameter and no interaction, which results in the plaquette phase.
In our diamond-like decorated square lattice, the direction of bond spin-pairs is
orthogonal to the plane formed by edge spins. We can consider other geometries. If
we choose the direction of bond spin-pairs to be parallel to the edge-spin plane, as
in Fig. 1 of Ref. 9, then the further neighbor coupling is not symmetric with respect
to sk,a ↔ sk,b. As a result, the matrix element of a perturbation bond becomes more
complicated. Then, an interaction term may appear, which depends on the coupling
parameter λ within a bond spin-pair. It will be interesting to study the ground-state
phase diagram as a function of λ. From the viewpoint of the exploration of RVB liquids,
it will also be interesting to construct QDMs on nonbipartite and simple cubic lattices.
Since our model contains only simple Heisenberg-type couplings, QDMs can be realized
in a quantum simulator by optical lattices.9 Thus, our construction of QDMs from
Heisenberg models provides a clear path to realizing QDMs in a quantum simulator,
which may lead to new progress in RVB physics.
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